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Abstraci Weanalyzethree-dimensionalgaugetheory~th Chem-Simonsaction.
which arisesin the contextof high T~superconductivity. Weshowthat themain
effectin this theoryis thechangeof spinandstatisticsofchargedparticles.Also, the
amplitudesofparticlepropagationacqwrephasesdependenton the topologyofthe
knot fonned by their trajectories. In the end, wediscusspossiblegeneralizationsof
this theoi~candtheir relationsto strings.

I will describein this shortpaperaphysicalpmblem,whichseemsto memathemat-

ically meaningfulaswell.
It arisesfrom considerationhigh T~superconductors.After cleansingit of many

physicaldetailsit canbe formulatedasfollows.
Letusconsidera chargedparticlewhichsweepsaclosedloop F in thethreedimen-

sionalspace-time.It interactswith anabeliangaugefield, describedby one-form:

(1) A=A~dz’5

It is assumedthat th~action,describingthis field, is givenby Chem-Simotlsterm(such
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actionswherefirst consideredby J. Schoenfeldandby R. JackiwandS. Templeon):

(2) S(A)=-_~--~[AAdA
16w JM

where M isathree-dimensionalmanifold inconsideration.Theparticleacquiresaioop

dependentphasefactorwhichcontainsmostof physical informationandis definedby:

(3) ~(F) = (ehfrA)A deff [VA]e1f~ exp{if A}

Here [VA] meansfunctionalintegrationwith respectto gaugeorbitsof the field.

The action (2) is remarkable. It doesn’tdependon themetric tensoron themani-

fold M, and in this senseis topologicallyinvariant. Onecanexpectthat thepartition
function:

(4) Z[M]=fVAex~{if(A)}

mustalso be topologically invariant. This is indeedthe case,aswasshownby A. S.
Schwartzandthis invariahtis preciselyRay-Singertorsion.

If onecontinuesthis line ofarguments,an impressionarises,that qS( F) is alsotopo-
logically invariantandshouldremainunchangedundersmall deformationsof F (1).

Thisis nt exactlyso, becauseof interestingquantum effects,as we will show now.
However qS( F) still havecertaintopologicalmeaning,dependingon aknotformedby
l~’.

It is easyto computethefunctional integral in (3), sincetheaction (2) is quadratic.

Theansweris givenby:

(4) ~

Accordingto the argumentgiven abovethis expressionmustbe <<almost>> topological

invariant. By that we meanthefollowing. While theaction (2) is invariantunderdif-

feomorphismsof M, wehaveto regularizeit in orderto makethefunctionalintegral
well defined.Thisis achievedby addingto (2) termswithhigherderivativesof A. The
simplestregulatoris:

(5) Sreg = A1 f FA* F

(1) E. Witten(privatecommunicationthroughP.Nelson)conjecturedthat theseinvariantscan be

relatedto Jonespolynomials.Similarsuggestionswasmadetome by I. M. Singer.
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whereA is acut-off (whichwemusttendto 00 attheend)and F = d A. Now,thereg-

ulatordependson themetricon M. That impliesthatour answers,obtainedby taking
A —, oo may dependon themetric,but only locally. Wecometo theconclusionthat
mustbetopologicallyinvariantmodulolocaltermsdependingon F. Thisgeneralargu-

mentis confirmedby theexplicit computationof (4). Wecantransformthis expression

asfollowing:

1ZZ I � VAd~dY’8)~ 1 =4lrJFxr ~ Ix—yl
(6) r rJ c~~dx~Adffdy~8(x—y)

r

(where E
1is somesurfaceboundedby F.)

In orderto make(6) well definedwehaveto rememberthatdueto regulators(5) the

8-functions in (6) is smeared.Precisewayof doingthis is irrelevantIt sufficesto take:

(7) = 1
(27re) /

When we substitute(7) into (6), we get two typesof contributions. First of all, the
8-functionsin (6) <<clicks>>whenevertheioop F intersectsthesurfaceEs-. If theknot,

formedby is trivial, wecanchoose:E.g- in sucha way,thatintersectionsareabsent.Let
us examinethis casefirst. Theonly contributiontothe integral (6) thencomesfrom the
thin strip (thethicknesstheorderof �) attachedtotheboundaryof ~-. Usingexplicit

parametrizationof this strip, weobtainin thelimit � —~ 0 thefollowing formula:

(8) I=’~d~’[ñ’x~-~]2wJr dfs

where ~(a) is a normal to F, tangentto F~-.Of course,the answermustbe inde-
pendentfrom the choiceof ~-, and indeed,(8) canbecastin theform in whichthis

independenceis explicit. It canberewritten as amultivaluedfunctional (analogousto

theonesconsideredby Novikov and Wittenindifferentcontext):

~ ~L p1
(9) 1_J dsl due~a,u)[5

3ë’x&~e1
2w o Jo

where

u=l
const u=0

and e1 a) is atangentvectorto F. Theintegral(9)is independentmodulointegerof the

choiceofinterpolationto (a). Beforediscussingconsequencesof thiscomputation,we
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haveto examinethecaseof non-trivial knots.Forthatwehavetoanalysewhathappens

totheintegral I whenwedeform F in sucha waythat it crossesitself. An interesting
factaboutit is thatwhile thedoubleintegral in (4) convergesevenwhentheloop F is
self-intersecting,it is discontinuous,whenunderthechangeof F, it crossesitself. It is

easyto checkby explicit computationthat

I(>~)=I( X )+1
(10)

I(>’()=I( x )—1

Now, weseethatusingthis rulewecanfind the integerpartof I for a givenknot. The

generalstructureof I is thusthe sameof two terms: one is continuousfunctionalof
thecurve(8), while theotheris integertopologicalinvariant. Thisstructureresembles
theoneofspectralasymmetryof Dirac operatorin odd-dimensions,which containscon-
tinuouspartcoincidingwith theChern-Simonstermandalsoexperiencesintegerjumps

underthechangeof gaugefields.
When ó’ = w s and a is integeror half-integer, all theseintegerdiscontinuites

do notcontributeto the phasefactor g!( F) and in this casetheexpression(9) canbe
viewedasa well definedactionfor thedynamicalvariable e~a). This actiongives rise

to the Poissonbrackets,definedin a standardway by the canonical2-form. Simple
computationshows,that in thecaseof (9) thesebracketshavethe form:

(11) - [e0,ep]=

It is not surprising,therefore,that quantizationof the particle, carrying extrafactor
~(F), leadsto the 2 a + 1-dimensionalrepresentationof (11)andtheparticle,which

wasspinlessat thebeginning,acquiresspin a dueto its interactionwith A-fields.

Let us recapitulate. We startedfrom the spinlessparticle <<dressed>>by the long-
rangedA-field. After accountingif wegot spin a particlewithout long-rangeinter-
action. Thepoint-like interactionis presentfor half-integerinteraction.Thepoint-like
interactionis presentforhalf-integerspins,since,accordingto (10)we getnegativesign

at the momentof self-crossingof thetrajectory. Thus,topological action(2) changes
spinandstatisticsof particles.

Where a is not integeror half-integer,then the interactiondescribedby (10) has

infinite range,sincewhentwo piecesof trajectorycrosseachother,the factor çb(F)
acquireaphasee~~ which staysforever. Effectof this interactionis to renormalize
a. Pethaps,it will tendto some fixed point. At present,only the leadingterm of the

/3-function for small a isknown.
An obviousgeneralizationof theaboveproblemis to considernon-abeliananalogue

of it. In this case A takesvaluesin theLie algebraof somecompactgroup C. The
action(2) is replacedby:

(12) S(A) = —~—~-Tr[(A Ad A+ A A A A A)
16w j
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It is well known,that in orderto maintaingaugeinvarianceof (12) (thegaugetransfor-

mationis givenby:)

A =~.g
1Ag + g~dg

thevaluesof i9 mustbequantized:

(13) 19=2irk; k-integer

Wecan also introducean obvious, gaugeinvariant,generalizationof the phasefactor

(3):

çb(F) = (Tr~&(F))

(14) p
~(F) = Pexp ~ A

Jr

(hereP-meansorderingoftheexponentialin (14)).Thesameargumentasbeforeshow
that 4(F) mustbe Kalmost~topologicalinvariantoftheknot. It is notclearat present,
however,what is theexplicit expressionfor q5(F) andwhatkind of physicaleffect

it hason testparticlesin the non-abeliancase. I canaddonly few disjoint piecesof
information,concerningthis question.First of all, if thegroup C = SU(N), thenfor

N —~ oo limit onecanfind a closeequationin the loopspacefor thequantity4(F). If
F is parametrizedby x~= x~’(a), thentheequationhastheform:

£J.IT’\ p4urpt~aj .~,

K = ~ i du(x (s)x (u))’
(15) 6xP(s) ~

8(x(a) — x(u))4(t) 4~(t)

where,the loop F hasself-intersectiondueto the 6-function andF and F aretwo
partof F. As in theordinarygaugetheory, onecanreproduceperturbationexpansion

in ~ by iterating(15). Thewayofderiving(15) isidenticalto theoneinordinarygauge
theory, while the resultingequationis muchsimpler. It would bevery interestingto

analyzeits solutionnon-perturbatively.
Anotherpieceof information dealswith non-abeliangeneralizationof <cmssings~

rules(10).

Supposethat F
1 and F2 aretwo smallpiecesof the1oop. In theabeliancasewe

canrewrite(10) in the following way. If F1 goesover F2 weshalldenotethis fact by
writing theircontributionto thephasefactoras ~(F1)~(F2), in theoppositecase (F’1
crossesunderF2) weshall writeit as ~1~(F2)~’(F1).In thesenotations,the rules(10)
canbesummarizedby theequation:

(16) ~b(F1)~’(F2)= eMwt8~1,(F2)~,(F1)
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Perhaps,thenon-abeliangeneralizationof it would be:

(17) ~(F1) ® ~(F2) = S(~(F’2)®

where ~&(F12) are elementsof the group C, while S is an <<S-matrix>> mapping

C® C to C® C. It is well known,that the structure(17) requiresthat S mustsatisfy
Yang-Baxterrelations.Perhaps,developingthis line of arguments,it will bepossibleto
verify Witten-Singerconjecture,which I mentionedatthebeginning.

The appearenceof the integrableS-matrix andits explicit form canbeunderstood

alsofrom thedifferentpointof view. Let us try to computethe phasefactorsusingthe
gaugeA0 = 0. Thenthefield A is Gaussianandthepropagatortakestheform:

(18) (An(X)Am(Y))= sqn(z°—y°)cm6
t2~(z—y)(n,m=1,2)

That impliesthattheonly contributionto the phasefactorcomesfrom theintersection

points r = y of theprojectionof theknoton theplane x0 = const. Moreover,only
interactionbetweendifferentbranchesmustbe accounted.Thatgives S-matrix:

(19) ~ = ((Pexpf A~dx”)~(Pexpf ~

for which explicit formulacan begiven (we shall do it elsewhere). After computing
(19), thephasefactorfor theknotis obtainedby taking 4partitionfunctionof theknot*
i. e. by multiplying S matrices,correspondingto all intersectionsin theprojectionof

theknot. Soweconclude,that:

= KPexpiAndx’~)

oo partitionfunctionof theknot F.
Thereare manypossiblegeneralizationsfor thestructureswhich I havedescribed.

Onecanconsiderhigherdimensionalmanifoldsandchangepathstohypersurfaces.This

is possiblefor anyodd dimensionality,by changingone-formA tothe n-form. Foreven
dimensionalityonecantakeChemclassesinsteadof Chem-Simonsform to theaction.

Thispossibilityhasbeenconsideredby L. Baulien and I. Singer,butconsequencesfor
thephasefactorsare still to beanalyzed.

It is conceivable,thatoneof thesetheorieswill be equivalentto string theoryand
will containtheoryof gravity. The mechanismforappearenceof stringsmaybeusual

collimationof color-elecricfluxes.Thegravitonsmayappeardueto thechangeof spins
of fundamentalfields - it iseasyto imaginethatspinonefield A beingchargedacquires
spintwo andbecomesagraviton.

It would be very satisfyingif the samemechanismis responsiblefor fundamental

structureof space-time,high T,-superconductivityand lastbutnot leastfor interesting
mathematics.
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